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f**^ , Abstract. Lot _F be a relatively free algebra of infinite rank >i. We say that F 

' has the small index property if any subgroup of F = Aut(F) of index at most 

^ ^ X contains the pointwise stabilizer ^(u) of a subset C/ of F of cardinality less 

■ than >c. We prove that every infinitely generated free nilpotcnt/abclian group 

1^"^ ■ has the small index property, and discuss a number of applications. 

(n: 



1. Introduction 



p: 

. A countable first-order structure Ai is said to have the small index property if 

-4— > ■ 

■ every subgroup of the automorphism group F — Aut(A^) of index less than 2^° 

contains the pointwise stabilizer ^{u} of a finite subset U of the domain of 7W (Sj 

, Section 4.2]. Here we use and shall use in the rest of the paper the standard notation 

, of the theory of permutation groups. Working with a group G which acts on set X, 

CO ■ we shall denote by G/y) and by Gsyi the pointwise and the setwise stabilizer of a 

l/^ ■ subset F of A in G, respectively. Any symbol of the form G,^^*^ will denote the 

intersection of stabilizers G,i,G»2 ^ G (e.g. G(^y),{z} ~ ^(y) ^ G{z})- 

There are many examples of countable structures that have the small index 

property: any countable set with no relations; the set of rational numbers with 

, . the natural order; any countable atomless boolean algebra, any vector space of 

r> ! 

$H , countable dimension over an at most countable field, etc. The special role played 

! 

by the cardinal Hq is (essentially) explained by the fact that if 7W is a first-order 
structure of cardinality Hq, then Aut(7W) can be naturally converted into a Polish 
topological group [61 pp. 59-60] (recall that a topological space is Polish if and only 
if it is separable and completely metrizable). 

One of the attractions of the small index property lies in the fact that if for 
a countable structure M we have that |Aut(A^)| =2^", then any automorphism 
A e Aut(r) of the group P — Aut(A^) takes a subgroup of small (< 2^") index 
to a subgroup of small index, since the condition "E is of small index in P" and 
"|P : Sj < |P|" are in this case equivalent. This makes the small index property an 
efficient tool to prove results on the isomorphism types of the automorphism groups 
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of countable structures, to prove results on reconstruction of countable structures 
from their automorphism groups, etc. These considerations lead to a search of a 
reasonable analogue of the small index property for arbitrary infinite structures. 
One of the crucial results in this direction is the following theorem by J. Dixon, 
P.M. Neumann and S. Thomas which appeared in one of the very first papers on 
the small index property [4]. 

Theorem (Theorem 2^ of [4J). Let I be an infinite set. Then any subgroup of 
the symmetric group T ~ Sym(/) of I of index at most \I\ contains the pointwise 
stabilizer ^(u) subset U of I of cardinality < \I\. 

Note that if / is of cardinality Kg, then for any subgroup E of F = Sym(/) the 
conditions "|r : I]| Hq" and "|r : E| < 2^«" are equivalent [5i Th. 4.2.8]. 

Working with relatively free algebras F, one quite often meets the situation when 
the automorphism group Aut(i^) "recognizes" the rank of F (the cardinality of a 
basis of F). For instance (keeping in mind Theorem 2^ of [4 ), if F is an infinite set 
with no relations (a relatively free algebra in the empty language), then rank(i^) — 
\F\is equal to the cardinality of the family of all transpositions in Aut(i^) (the family 
of all transpositions can be characterized in Aut(i^) in terms of group operation, see 
e.g. [IQ])- Similarly, Aut(i^) "recognizes" rank(F) if F is an infinite-dimensional 
vector space over a division ring, an infinitely generated free nilpotent / abelian, or an 
infinitely generated centerless relatively free group jl41 Prop. 1.3], etc. Summarizing 
the above discussion, we suggest the following definition. 

Definition. Let F be a relatively free algebra of infinite rank k. We shall say that 
F has the small index property if any subgroup E o/ F = Aut(i^) of index at most 
H contains the pointwise stabilizer (u) of a subset U of F of cardinality < x. 

Henceforth we shall use the term the small index property only in the sense 
of the above definition (which a priori differs from the classical one for countable 
structures). 

The paper is organized as follows. Proposition 12 . II of Section 2 states that given 
a relatively free algebra F of infinite rank with a basis SS and any subgroup E ^ 
F = Aut(F) of small (^ rank(i^)) index, there is a moiety of such that E 
contains the subgroup F(,®\<^),{('g')} of all elements of F which fix ^ \ pointwise 
and fix the subalgebra 1^) generated by ^ setwise. The proof of Proposition 12.11 
relies heavily on Theorem 2^' of [4] we have quoted above. 

Then we consider a number of corollaries of Proposition 12.11 for free algebras of 
infinite rank in so-called BMN- varieties introduced by the author in [13] . A variety 
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03 of algebras is called a BMN-variety, if given a free algebra F G 03 of infinite rank 
and any basis ^ of F, the group T — Aut(F) is generated by the stabilizers 

r(.^i),{(^2U'g'>} and ^{^2).,{{^M'^)} 

where ^ = U ^2 U "if is any partition of ^ into moieties. Examples of BMN- 
varieties are, for instance, the variety of algebras with no structure, any variety 
of vector spaces over a fixed division ring, any variety *yic of nilpotent groups of 
class ^ c, etc. By applying Proposition I2.1[ we prove that if F is a free algebra 
of infinite rank from a BMN-variety, then the group F — Aut(_F) has no proper 
normal subgroups of index < 2''^"'^(^) and that every subgroup S of F of small index 
contains a stabilizer F(g)) where ^ is a basis of F and ^ is a subset of ^ of 

cardinality < rank(_F). To compare these results with the situation in the general 
case, we show, using the ideas from the paper [3 by R. Bryant and V. Roman'kov, 
that if _F is a relatively free algebra of infinite rank with the small index property, 
then any proper normal subgroup of Aut(_F) is of index > rank(_F) and that the 
group Aut(F) is perfect (Proposition 12. 4|1 . 

Then we consider a natural sufficient condition for any infinitely generated free 
algebra from an BMN-variety to have the small index property (Proposition 12. 5p 
and show that this condition is true for any free nilpotcnt/abelian group of infinite 
rank (Theorem 13. 1^ : the said condition is also true, for instance, for any infinite- 
dimensional vector space over a division ring. Note that R. Bryant and D. Evans 
proved in [T] that any free group of countably infinite rank has the small index prop- 
erty and obtained as a corollary that some other relatively free groups of countably 
infinite rank (in particular, free nilpotent groups of countably infinite rank) have the 
small index property. Thus the result by R. Bryant and D. Evans concerning free 
nilpotent groups of countably infinite rank is transferred to free nilpotent groups of 
arbitrary infinite rank. 

2. The small index property for relatively free algebras 

Let F be a relatively free algebra with a basis We call an automorphism tt of 
F a permutational automorphism with respect to if tt preserves as a set; the 
group of all ^-permutational automorphisms of F will be denoted by Symj?(^); 
clearly, Symp{^) = Sym(^). 

Recall that a subset J of an infinite set / is called a moiety of / if | J| ~ \I \ J\. 
Given an automorphism ct of _F in the case when F is of infinite rank, we shall call 
a moietous with regard to if there is a partition ^ = £§i\J .^2 of ^ into moieties 
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such that a € T(^^^'f^^^^^y, that is, if a fixes pointwise and fixes the subalgebra 
{^2) generated by ^2 setwise. The set of all .^-moietous automorphisms of F will 
be denoted by Mo^(F). 
Now let 

iei 

be a partition of Having a situation like that we shall write 

F = ®ieiFi (2.1) 

where Fi = {^i) is the subalgebra of F generated by {i e /); thus F is the 
coproduct of subalgebras F^. Now given automorphisms <fii e Aut(i^j) where i runs 
over I, there is a uniquely determined automorphism (fi e Aut(i^) such that <fi\Fi = 
ipi for all i G /; in the manner of (2.1) we write 

<P = ®ieifi- 

Suppose that for a certain subset J C I and for a certain jo G J we have that 

• \ — \^jo \ for all j & J (so all sets are equipotent); 

• for every j G J there is a bijection pj : SSj such that = '^j<fijoT^j~^ 
where Wj is the isomorphism of algebras in the language of F induced by pj 
(and then the actions of all (fj are isomorphic); 

it is then convenient to write the automorphism tp = in the following sim- 

plified form 

Further, let 

jeJ iGi 

be a partition of ^. Suppose that for all j € J, pj is an automorphism of the subal- 
gebra 'rfj) which fixes ^ pointwise and that for all i € I, (pi is an automorphism 
of the subalgebra {%). Then there exists a uniquely determined automorphism a 
of F such that 

• cr|@ = idgi; 

• o'kj = PjW, for all j e J; 

• C7|^. = ipi\<^. for all i e I; 

in the manner we have used above, a can be written as 

£7 = id ® {®jeJPj) ® {®iei<fi)- 
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Proposition 2.1. Let F be a relatively free algebra of infinite rank x with a basis 
S§. Then for every subgroup of T = Aut(-F) of index at most x there is a subset 
'3 of of cardinality < >t such that 

Mo^(F)(<j,) C E 

where Mo^(-F)(@) is the set of all S§ -moietous automorphisms which fix '3 point- 
wise. In particular, if is any moiety of !^\^, the stabilizer {3s\<e) .{{'ig)} is 
contained in E. 

Proof. The result is proved in J4j for infinitely generated relatively free groups, 
and in fact the proof given in [14j can be used without significant changes in the 
general case. For the reader's convenience, we reproduce the plan of the proof. 

(a) . The key fact is that there exists a subset of of cardinality < k such 
that the stabilizer 

Symj;,(^)(@) 

is contained in E. This follows from Theorem 2^ of [41 quoted in the Introduction. 

(b) . Now let be a moiety of \ f^. Consider a partition 

^\<2i^y\'€i (2.2) 

of ^ \ ^ into moieties such that / is an index set of cardinality yc and ^ is a moiety 
of for some G /. Then partition ^^i^^ into Hq moieties: 

'^ia = |_J "^icfc (2-3) 
feGN 

SO that "^io^o = ^ ■ Take any automorphism a of the subalgebra '^iQ.o) = 
generated by U ^ which fixes Si pointwise. Extend a on as follows: 

P ^ [a® a"^ ® id) ® (a ® a''^ ® id) ® . . . 

where the automorphism in the right-hand side corresponds to the partition (2.3). 
The family A = {A} of automorphisms of F such that 

A = id® (®,6/;3^*) 

where an automorphism in the right-hand side corresponds to the partition 

^ = ^ U IJ 

iei 

and where = 0, 1 (i G /), has the cardinality 2*^. Then there are distinct Ai, A2 G A 
such that /i — AiA2^^ is contained in E (in fact, in any subgroup ofT of index < 2^; 
we shall use this fact below). 
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(c). Now one can find ^-permutational automorphisms 7ri,7r2 G Symj^(^)(^') 
such that the product [y,'"^ acts as a on — '^igfi and fixes the rest ^ \ of 
3§ pointwise. □ 

Next, we are going to discuss some corollaries of Proposition 12. II 
A variety QJ of algebras is called a BMN-variety [T3] if given any free algebra F 
of 23 of infinite rank, any basis ^ of _F and any partition 

of ^ into moieties, the automorphism group F = Aut(i^) of F is generated by the 
stabilizers 

^(sSi},{{-^2U'»)} and r(^j)_{(,®2U'<f>}- 
Equivalently, F is generated: (a) by any stabilizer of the form 

r('<f),{(^\'^)} (2.4) 

where is any moiety of and by all .^^-permutational automorphisms; (b) by 
any stabilizer of the form (2.4) and by a suitable ^-permutational automorphism; 
(c) by all ^-moietous automorphisms of F. One of the nice properties of the group 
r = Aut(F) is that F is a perfect group [131 Th. 1.5], that is, F is equal to its 
commutator subgroup [F, F]. 

For instance, the variety of all sets with no structure (as a corollary of the results 
in [11 [8]), any variety of all vector spaces over a fixed division ring (as a corollary of 
the results in [7]), the variety of all abelian groups and any variety 91c of nilpotent 
groups of class ^ c are BMN- varieties [13) . 

Proposition 2.2. Let 23 &e a BMN-variety of algebras, F a free algebra of 23 of 
infinite rank SS a basis of F and F — Aut(i^). Then 

(i) every proper normal subgroup ofT has index 2^; 

(ii) if V > 1 is any cardinal such that 2" < 2^ (for instance, any cardinal v > 1 
such that 2y ^ h) then F has no subgroups of index v] 

(iii) i/ S is a subgroup of F of index ^ x, then there is a subset 2l of of 
cardinality < k such that the stabilizer ^(^)^{{sg\s>)} 'is contained in S. 

Proof, (i) It follows from the proof of the part (i) of Theorem 2.5 in [13] that F is 
the normal closure of a suitable permutational automorphism. Namely, if 
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is a partition of into moieties, then for any i^-permutational automorphism tt* 
of order two of F which interchanges SS\ and SS2 and fixes 'I0 pointwise we have 
that r is the normal closure of tt*. Observe that the support of the restriction 7r*|^ 
of TT* on ^ is a moiety of SS. 

Let TV be a normal subgroup of F having index less than 2^. Take a moiety ^€ of SS 
and consider a permutation r of order two of ^ such that the support of r is a moiety 
of "if. Let p be the automorphism of the subalgebra (^) induced by r. Apply then 
for SS^ ^€ and p the argument of part (b) of the proof of Proposition 12.11 (assuming 
that ^ = 0). It then follows that contains a nonidentity automorphism of the 
form /i = where vi — —1,0,1 0,1] (i G /). It is easy to see that 

the restriction of /i on ^ is an involution whose support is a moiety of SS. Thus N 
contains a conjugate of tt* described above, and hence iV = F, as claimed. 

(ii) If is a subgroup of a given group G, then the kernel of the natural action 
of G on the quotient set GjJi is of index ^ |Sym(G/i/)|. Thus if F has a subgroup 
of index it has a normal subgroup of index at most 2'', contradicting (i). 

(iii) We continue to use the notation introduced in (i) . Let S be a subgroup of F 
of index at most >c. Then there is a subset ^ of ^ of cardinality < >r such that S ^ 
Symp(^)(@), and, by Proposition l2.H if '£ is any moiety of SS\Q)^ the stabilizer S = 

is contained in S. Now by the definition of a BMN-variety, S together 
with Sym^(^)(^) generates the subgroup F(g,) {^_^\^^} = Aut((,^ \ ^)). □ 

It is interesting to compare Proposition 2.2 with the situation in the general case 
described below in Proposition 12.41 (a straightforward generalization of the corre- 
sponding result from One of the leading themes of the paper ^ by R. Bryant 
and V. Roman'kov is the study of subgroups of index < 2^^" of the automorphism 
groups of relatively free algebras F of arbitrary infinite rank. Note that the defini- 
tions of the small index property given in [3^ and that one in the present paper are 
different: the definition in ^ requires, regardless of rank(i^), existence of pointwise 
stabilizers of finite sets in all subgroups of Aut(F) of index < 2^°. However the auto- 
morphism group Aut(_F) of a relatively free algebra F of infinite rank might simply 
not possess proper subgroups of index < 2^" as Proposition 12.21 demonstrates. 

Lemma 2.3. Let F be a relatively free algebra with a basis oj infinite cardinality 
H and let S> be a subset of ^ of cardinality < yc. Then 

(i) for every automorphism a G Aut(i^) there is a J^§-moietous automorphism p 
of F such that cr|@ = p|@ (c/. [3l Lemma 2.1]); 
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(ii) the automorphism group T — Aut(_F) of F is generated by all conjugate 
subgroups ofT(^^-f by elements of Sy"nip{M): 

r = (7rr(g,)7r-i : n G Synv(^)) 

(c/. [21 Lemma 4.3]). 

Proof. Wc follow the ideas of the proofs of Lemma 2.1 and Lemma 4.3 of [3] which 
correspond to (i) and (ii), respectively, in the case when is finite. 

(i) Let (f be a subset of such that 

cr^C(^). (2.5) 

Clearly, if ^ is finite, there exists a finite § ^ with (2.5); if '2 is of infinite 
cardinality v < then there exists an (I' C ^ with (2.5) of cardinality v < k. 

Let be a moiety oi !^\S . Then there is a bijection m : ^ ^ \J S which 
takes every element of § to itself, and hence an isomorphism /i : {SS) {'^ L) S") 
of algebras F ~ {SS) and ("^ U S) which extends m; in particular, /i(e) = e for all 
e e It follows that the map [layT^ is an automorphism of the subalgebra {'^US') 
which coincides with a on 

fj,afj,^^{d) = fj,a{d) = ^(ad) = a{d) [d G 

Then the automorphism 

{fj,afj,~^) ® id 

which corresponds to the partition ^ — ("^ U <^) U ("^ U S'Y can be taken as a 
required ^-moietous automorphism p. 

(ii) Let cr G F. Then by (i) there is a ^-moietous automorphism p oi F such that 
p^^a = 7 G r(@). It is easy to find a ^-permutational automorphism tt G Symp(^) 
and a ^-moietous automorphism po 6 ^(g)) such that p — Trpoir^^. Therefore, 

a = npoTT^^ ■ 7 G 7rr(@)7r"^ • Fj,^) 

and the result follows. □ 

Proposition 2.4. Let F be a relatively free algebra of infinite rank x which has 
the small index property. Then 

(i) every proper normal subgroup ofT — Aut(_F) has index > >t\ 

(ii) the automorphism group Aut(i^) of F is perfect, that is, [r,F] = F. 

Proof. We argue like in [3]. 

(i) If a normal subgroup of F has index ^ x, then by part (ii) of Lemma 12.31 
N = T. 
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(ii). It is known that every nonzero abelian group has a nonzero countable 
quotient. This iniphcs that if [T, T] is a proper subgroup of F, then F has a proper 
normal subgroup of countable index which contradicts (i). □ 

The next proposition introduces a class of (necessarily BMN-) varieties all whose 
free algebras of infinite rank have the small index property. We shall show below 
that any variety ^Tlc of all nilpotent groups of class ^ c is in this class. 

Proposition 2.5. Let W be a variety of algebras such that for every free algebra 
F of infinite rank >c in ^ and every basis S§ of F the following is true: given any 
subset & of of cardinality < >c, the stabilizer ^(^) where F = Aut(i^) is generated 
by all 3§-moietous automorphisms of F which fix 2! pointwise: 

F(g,) = (Mo^(F)(<^)). 

Then 2J is a BMN-variety and every free algebra of infinite rank in 03 has the small 
index property. 

Proof. The second statement follows from Proposition 12.11 To show that 93 is a 
BMN-variety, apply part (i) of Lemma 12.31 □ 

3. The small index property for free nilpotent groups 

Theorem 3.1. Let c ^ I be a natural number. Then the variety 9Ic of all nilpotent 
groups of class ^ c satisfies the conditions of Proposition^^ Consequently, every 
infinitely generated free nilpotent /abelian group has the small index property. 

Proof. Let N be an infinitely generated free nilpotent group of nilpotency class c. 
Consider a basis ^ of iV and let ^ be a subset of ^ of cardinality < >c — rank(iV). 
Write ^ for ^ \ ^ and let 

g={er.i^L} 

where / is an index set of cardinality x. 

Write $ for the subgroup of F generated by Mo,^(A^)(@). Thus our aim is to show 
that $ is equal to F(@). 

We use induction on c. Let then c — \, which means that is a free abelian 
group. Suppose that a S ^(@) where F = Aut(iV). Then 

N ^{2!)® {S) = {2) ® {aS). 

It follows that there exists a basis {e^ : i G /} of the group {S) and elements 
Ui e {&) such that 

crci = e ■ + Ui [i € /] 



FREE NILPOTENT GROUPS 10 

and 

{e'^ + Ui-.ie 1} 

is a basis of {aca). 

As the variety of all abelian groups is a BMN- variety [13j, the automorphism 
7 G r(^) such that 

7oej = e,- [i £ I] 

is a product of ^-moietous automorphisms from T(^^^, and hence an element of $. 
Then 

7(7 Ve-j = e; + u,j [« e /]. 

Let / = /i U /2 be a partition of / into moieties. Clearly, both automorphisms 
TTi, 7r2 G r(@) where 

TTiCi = Ci + Uj, n2ei = Cj, [« G h], 

are in $ and their product 71 = 7ri7r2 takes to + for all i E I. Hence 

and a is in (f>. 

Recall that 7fc(G') where fc ^ 1 denotes the fc-th term of the lower central series 
of a group G (defined inductively as follows: 71(G) = G and 7fc+i(G) = [7fc(G), G]). 

We consider the induction step. Let iV be a free nilpotent group of nilpotency 
class c ^ 2. Then 7c+i(A^) — {1}, 7c(^) is the center of N, and the quotient group 
M — N/jc{N) is a free nilpotent group of nilpotency class c — 1. The main result 
of [2] implies that the natural homomorphism Aut(iV) — Aut(M) determined by 
the natural homomorphism s : N M is surjective. 

We claim that any e^-moictous automorphism s G Aut(Af)(j@) of M can be 
lifted to a ^-moietous automorphism a G Aut(iV)(g)) = ^{^) of Indeed, assume 
that s preserves the subgroup (e^) and fixes pointwise \ e'^€ where ^ is a moiety 
of SS containing QJ. As the natural homomorphism Aut(('^)) Aut((e^)) of the 
automorphism groups of infinitely generated free nilpotent groups (^) and (e*^) is 
surjective by the quoted result of [2], there is a ^-moietous automorphism ctq of 
N which induces s such that: (a) ctq fixes pointwise (b) cto preserves the 

subgroup l^i) and (c) ctq fixes all elements of '3 modulo jc{N). It is well-known that 
given any family {cb : b G ^} of elements of 72 (A^), there is an lA-automorphism 
of N which takes b to bci, (b G ^). Let then ai be the automorphism of N which 
coincides with ctq on ^ and fixes pointwise; clearly, cti preserves ('^) and 
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fixes pointwise. Now a = cr^^ao G is a =^-nioietous automorphism of 

N which induces s, as desired. 

The induction hypothesis then implies that for every a G F^^j there is an element 
7 e $ such that a = 'y~^a G ^{&) induces the trivial automorphism of M = 

We claim that a belongs to Suppose that a acts on ^ = {e, : i G /} as follows: 

aci = CiWi [i G /] (3.1) 

where Wi = w{ei) G 7c(-^)- 

Observe that every automorphism 6 of N which fixes N pointwise modulo the 
subgroup 7c (-/V), 

Sx = x (mod 7c(-/V)), (3.2) 

takes every element of 7c (-/V) to itself and that any two automorphisms of N of the 
form (3.2) are then commuting. 

Let us partition S = into moieties: 

and define automorphisms a^,a<g G ^{si) of N as follows: 

a^f = f, a^f = af, [/ G 
agcg = ag, a^^g = g, [5 e ^]. 

Then a = ajra^ = a^ajr and ajr G r(^u^), G "^(snj^g)- 

Let us prove that is in By symmetry, it will imply that a<g is also in 

whence the result. 

Partition ^ into (c+ 1) moieties: 

^ = ^iU...U^c+l- 

Every element of 7c (-/V) can be written as a product of left-normed basic commuta- 
tors [61, ... , 6c] of weight c where b\,...,hc run over ^. For every i G /, write then 
Wi = w{ei) G 7c(-^), participating in (3.2) above, as 

Wi = w{ei) = ti{ei) . . . tc+i{ei) 

where tk{ei) G 7c (-^) is a product of left-normed basic commutators of weight c 
which do not have occurrences from ^k (fc = 1, . . . , c+ 1). For every fc = 1, . . . , c+ 1, 
define /3/s G F(^u^) as follows: 

i3kg = gtk{g) [s-e^]. 
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As 

tk{g) e{&U{^\ ^k) U 5f) = \ ^k) 

for all g € we have that fixes pointwise and preserves the subgroup 
{SS\^k) setwise (fc = 1, . . . , c+1). It follows that is a ^-moietous automorphism 
of N which fixes ^ pointwise, or, in other words, an element of Finally, as 

0L3f = /3i . . . /3c+i, 

so is □ 

Corollary 3.2. Let F be a free group of infinite rank and let V{F) be a verbal 
subgroup of F which contains a term ^c{F) where c ^ 2 of the lower central series 
of F. Then the group F/V{F) has the small index property. 

Proof. By the main result of ^ we have already referred to above, the natural 
homomorphisms 

Aut(F) ^ Aut(F/7c(i^)) and Aut(F) ^ Aut(F/y(F)) 

determined by the natural homomorphisms 

F -> Fhc{F) and F F/V{F), 

respectively, are surjective. It follows that the natural homomorphism 

e : Aut(F/7c(i^)) ^ kvX{F/V{F)) 

determined by the natural homomorphism F/^c{F) F/V{F) is also surjective. 

Let E < Ant{F/V{F)) be a subgroup of index at most rank(F/F(i^)) = rank(i^). 
Then the full preimage e~^(S) of E is of index at most rank(F/7c(F)) = rank(_F) 
in r = Aut(F/7c(F)). It follows that there is a subset & of F/^c{F) of cardinality 
< rank(F) such that 

whence 

and the former subgroup is the pointwise stabilizer of a subset of F/V{F) of cardi- 
nality < rank(i^) of F/V(F). □ 

The problem whether a free group F of arbitrary infinite rank has the small 
index property seems to be very intriguing (as we remarked in the Introduction, 
the answer is affirmative in the case when F is countable [1]). The following partial 
answer is provided by Theorem 13. II 
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Corollary 3.3. Let F be a free group of infinite rank x. Suppose that T, is a 
subgroup o/F = Aut(i^) of index at most h such that 

S = fl S/, 

where Ic is the kernel of the natural homomorphism Aut(i^) A\xi{F / ^ c{F)) de- 
termined by the natural homomorphism F — > F/^c{F) (c ^ 2). Then E contains 
the pointwise stabilizer of a subset 2! of F of cardinality < k. 

Proof. Let a natural number c ^ 2 he arbitrary. Write e for the natural homo- 
morphism F ^ Nc = F/'jciF). It is convenient to use the same symbol e for the 
natural homomorphism Aut(F) V'^"^ = Aut(i^/7c(F)). Take a basis ^ of F. As 
S is a subgroup of index at most k, by Proposition 12.11 there is a subset of ^ of 
cardinality < >c such that 

Mo^(F)(^) C E, 

and hence 

e(Mo^(F)(g,)) = Mo,sgiNc)ieS>) < e(S). 
Now e3§ is a basis of Nc, and then by Theorem 13. 1[ 

Lifting all objects that participate in the last inequality back to F, we get that 

^{Si)Ic ^ S/c =^ F(@)) < E/c 

for all c ^ 2. It follows that 

F(<^) ^ fl E/, = E, 

as claimed. □ 

Remark. Subgroups E of F = Aut(F) that satisfy the condition E = f^^^^^^c 
can be characterized as closed subgroups of F with respect to the topology r on F 
determined by the filtration (F : c ^ 2). Thus having an arbitrary subgroup E of 
F of index at most k we could only claim that the closure E of E in r contains the 
pointwise stabilizer of a subset of F of cardinality < >c. 

Using the fact that any variety of vector spaces over a fixed division ring is a 
BMN- variety [13], we can easily adapt the 'abelian' part of the proof of Theorem 
3.3 to prove the following result. 

Proposition 3.4. Let V be an infinite- dimensional vector space over a division 
ring. Then V has the small index property. 
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A similar result can be in fact proven for free modules of infinite rank over rings 
from a rather large class of rings the author considered in p[31 (see Remark 2.3 and 
Theorem 2.4 of [l^ for the details). 

Theorem 13 . II can be also used to show that all automorphisms of the automor- 
phism group Aut(A) of an infinitely generated free abelian group A are inner. The 
crucial step in the proof is the reconstruction of the family of all unimodular ele- 
ments of A in Aut{A) with the use of the small index property. 
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